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WHAT is FLEXOELECTRICITY?

Gradient of strain!

Flexoelectricity: strain engineering

Akinwande et al., Nat. Comm., 2014; Wang et al., Phys. Rev. B., 2019; Jiang et al. Nano Energy, 2013; Kvashnin
et al., J. Phys. Chem. Lett., 2018; Kim et al., Science, 2017.

Inhomogeneous deformation Strain engineering

Bending, crumpling, torsion…



Where does flexoelectricity exist?

Vasquez-Sancho et al., Adv. Mater. 2018, 30, 1705316; Zubko et al., Phys. Rev. Lett., 2007, 99, 167601 

Crystalline material e.g. STO by bending induced
flexoelectricity

In graphene by breaking symmetry
Flexoelectricity around a microcrack 

bone model



Unsolved issues and challenges
l Flexoelectric parameters are unclear 

lMany phenomena are not understood: surface piezo,
surface flexo, free charge carriers…

lHOW to engineer and optimize flexoelectricity? 
Lack of physical model and simulation tool!

 Barium Titanate (BTO) 
μ11 (nC/m) μ12 (nC/m) 

Cross [Experiment] --- 9508~10980 
Sharma [Lattice dynamics] 0.15 -5.46 
Tao [First principle] -0.36 1.6 
Vanderbilt [First principle] -334.3 13.8 

 

Inconsistent results?



Overview
lAtomic-scale model of flexoelectric materials

lNano-continuum scale model of flexoelectric structures

lMicroscale model of flexoelectric composites

lMacroscale application with phonic topological insulator

Size effects!



Atomistic BTO-Core shell model 

Buckingham short range potential Long range Coulombic potential

BTO atomistic model

BTO model



Lattice change over temperature

B. He, B. Javvaji and X. Zhuang. Size dependent flexoelectric and mechanical properties of barium titanate
nanobelt: a molecular dynamics study. Physica B: Condensed Matter, doi.org/10.1016/j.physb.2018.01.031, 2018.



Extraction of flexo parameters

Imposition of sinusoidal boundary conditions to exclude piezoelectricity

Zero
displacement

Non zero
derivatives



Size effects of BTO

B. He, B. Javvaji and X. Zhuang. Size dependent flexoelectric and mechanical properties of barium titanate nanobelt: a molecular dynamics study.
Physica B: Condensed Matter, doi.org/10.1016/j.physb.2018.01.031, 2018.

Convergence of E w.r.t. size



Flexoelectricity in 2D materials

Recent experimentally 
synthesized 2D 
materials



Classical method: Difficulty

The previous 
MD methods 
works well with 
ionic systems

They fail to investigate the systems with charge distributed 
(covalent or metallic systems)



We need a model that can handle
• Non-periodicity 
• Dynamical changes in charges and dipoles
• Both small and large deformations
• Realistic loading conditions
• Works for any system (irrespective of bonding nature)

We developed a scheme that estimates the charges and dipoles 
(CD model) during the MD time integration 

Classical method: Difficulty



Charge dipole model for  graphene

B. Javvaji, B. He and X. Zhuang. The generation of piezoelectricity and flexoelectricity in graphene by breaking the
materials symmetries. Nanotechnology, 29: 225702 , 2018.
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Highly beneficial over DFT, wide scope for investigating large deformations

Initial cords + 
potential 

parameters

Loading 
conditions + 
Evaluating 
CD forces

Extracting q, 
p, electric 

fields, 
voltages etc 

Calculating 
coefficients from 
the polarization 

response

Nanotechnology 29 (22), 225702 (2018); Phys. Rev. B, 99, 054105 (2019)

Charge dipole model for  graphene



Flexoelectric coefficient of graphene
Charge dipole model



B. Javvaji, B. He and X. Zhuang. The generation of piezoelectricity and flexoelectricity in graphene by
breaking the materials symmetries. Nanotechnology, 29: 225702 , 2018.

Flexoelectric coefficient of graphene
Charge dipole model



Flexoelectric coefficient of graphene
Bending induced out of plane polarization

X. Zhuang, B. He, B. Javvaji, H.S. Park. Intrinsic bending flexoelectric constants in two-dimensional materials, Physical Review B, 2019

graphene 
allotropes; 

(d) TMDC

group-IV Si, Ge, Snnitrides-x

C.J. Brennan et al., Nano Lett. 2017



Response of MoS2 monolayer with SW potential and MTP potential

No change in CD parameters 

The polarization response with strain gradient and with stress 
is highly linear

MoS2 response with MTP model



MTP+CD SW+CD Experimental results
𝜇 (nC/m) 0.023 0.025

(poor linear fitting 
issues)

0.091
(C.J. Brennan et al., Nano 
Lett. 2017)

𝑑!!∗ (pm/V) 1.64 1.681
(poor linear fitting)

1-1.5 
(C.J. Brennan et al., Nano 
Lett. 2017)

D (eV) 16.51 8.314 9 to 16 eV (several 
reports)

E (N/m) 135 100 130 to 180 (several 
reports)

Response with MTP

The results from MTP+CD model compare well with the 
experiments. 



Flexoelectricity in graphene crumpling

• Consider circular graphene nanoribbon as an example 

• Hooper CNT held fixed and indenter moves with constant speed

• No other conditions are imposed

• Curvature variation confirms the d-cone structure due to crumpling



Graphene crumpling response

Javvaji, Zhang, Park, Zhuang., J. Appl. Phys., 2021, 129, 225107



Overview

lAtomic-scale model of flexoelectric materials

lNano-continuum scale model of flexoelectric structures

lMicroscale model of flexoelectric composites

lMacroscale application with phonic topological insulator



Model for flexoelectricity

g: the sixth order tensor of strain gradient elasticity 
h = d-f is the outcome of converse-flexoelectricity and flexoelectricity
η is the strain gradient tensor

Energy density function of flexoelectric materials 

S.S. Nanthakumar, X. Zhuang, H.S. Park, T. Rabczuk. Topology optimization of flexoelectric nano energy harvester. Journal of 
the Mechanics and Physics of Solids, 105:217-234, 2017.

Balance equations of electric and mechanical fields

flexoelectric related terms



Constitutive equations

Model for flexoelectricity

C and Cs fourth-order elastic bulk and surface stiffness tensors
e and es bulk and surface piezoelectric third order tensors,
τs and ωs residual surface stress and electric field.
ε and E bulk strain tensor and bulk electric field vector
εs and Es corresponding surface counterparts.



C 1 continuity

IGA (IsoGeometric Analysis)
Based on non-uniform B-Splines

Higher order continuity

Commercial FE software however provides only C0 continuity

Alternatively, one can use meshless methods



CaInterfaces by jump enrichment



Optimization using the level sets



Topology representation with level sets



Robustness of level sets in modelling

The level set method is suitable for highly evolving geometry

Convergence to objective func. L- curve for stability



Optimization of flexo nano energy harvester

Electromechanical coupling coefficient 

Objective function and constraints



Surface effects plays the role over sizes

With surface 
effects



Surface effects plays the role over sizes



Open circuit Closed circuit

Influence of boundary conditions and size effects

S.S. Nanthakumar, T. Lahmer, X. Zhuang, H.S. Park, T. Rabczuk. Topology Optimization of Piezoelectric Nanostructures,
Journal of the Mechanics and Physics of Solids, 94:316-335, 2016.

boundary conditions and sizes effects are most dominant factors



Influence of the boundary conditions

S.S. Nanthakumar, T. Lahmer, X. Zhuang, H.S. Park, T. Rabczuk. Topology Optimization of Piezoelectric Nanostructures,
Journal of the Mechanics and Physics of Solids, 94:316-335, 2016.



Interplay of surface piezo and surface elasticity

Cs surface elasticity
es surface-piezo



BTO plate topology optimization wrt ECC



Test examples

S.S. Nanthakumar, X. Zhuang, H.S. Park, T. Rabczuk. Topology optimization of flexoelectric nano energy 
harvester. Journal of the Mechanics and Physics of Solids, 105:217-234, 2017.



40

Plate energy harvester



Topology Optimization of flexoelectric structures, Journal of the Mechanics and Physics of Solids, 105:217-234, 2017.
Sensitivity and uncertainty analyses for flexoelectric nanostructures. Computer Methods in Applied Mechanics and Engineering, 337:95-109, 2018.

28% of flexo

Flexo Elastomer
(inactive) Void

Design of flexoelectric energy harvester

IGA (IsoGeometric Analysis)
Based on non-uniform B-Splines



Overview

lAtomic-scale model of flexoelectric materials

lNano-continuum scale model of flexoelectric structures

lMicroscale model of flexoelectric composites

lMacroscale application with phonic topological insulator



Non-trivial bandgap 

§ For low-frequency surface wave manipulation, we design a honeycomb lattice of
pillars on the surface of elastic medium.

§ Induced non-trivial bandgap can provide robust surface wave attenuation.

a(m) d(m) d1(m) d2(m) h(m) H(m)
2.0 0.8 0.7 0.8 2.0 30.0

Breaking the inversion
symmetry

Degeneracy of the Dirac point

Opening a non-trivial bandgap 

First Brillouin zone
11.02 Hz 11.61 Hz

10.22 Hz

Bandgap

Keeping the C3 symmetry



Topological edge states

§ A point source out-of-plane vibration is excited at the entrance of the zig-zag interface
for transmission calculation.

§ With the electro-mechanical coupling effect, the vibrating energy can be transformed to
electric power by the squire PZT patches attached to the top surface of soil.

Pi = 
Vi
!2

Ii
!2

	= 
RIi2

2  1 

§ A simple circuit powered by each PZT
patch with a resistance R is devised,
whose average output power Pi is
calculated by

The total power
5

1
i

i
P P

=

=å

Piezoelectric patch
R = 1000 Ω 

Ii

Vi

l = 0.1 m

t = 0.001 m



Topological edge states

§ The topological edge state within the frequency range (10.33, 10.97) Hz.
§ At 10.40 Hz, the S-S interface supports high transmission and backscattering immunity

of the topological edge state.
§ It is more than one order of magnitude higher than that of a bare surface, showing

a big advantage of the energy harvesting by topological edge state.

10.40 Hz
Bare surface

Out-of-plane displacement fields at 10.40 Hz Piezoelectric energy harvesting for the edge states



On demand design of phononic MM
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