
Jongbae Hong

Department of Physics & Astronomy     
Seoul National University

Understanding Kondo-Peak Splitting 
via nonperturbative dynamical theory

T. U. Dresden, Jan. 15,  2008

1. Experiment on Single Electron Transistor under               

Bias and Field (Nonequilibrium Kondo Phenomenon)

2. Theoretical Difficulties & New Approach

3. Nonperturbative Dynamical Theory: SIAM & SET

4. Understanding Nonequilibrium Kondo Phenomenon & 

Explaining Kondo-Peak Splitting



There are something more than 
Zeeman Splitting with Vds≠0

Kondo-peak Splitting by B-field

Kogan et al., PRL 2004 
Amasha et al., PRB 2005

Change Vg

B≠0

Vds≠0
↑

↓



--------------

Constant curvature: -0.2

Parabolic(2)
(1)

∆K=a-blnTK

bexp≈12μeV

(3)

Nonlinear

(4)

BC ≈2.4T

Features of Kondo-peak Splitting

unexplained by 
existing theories! Why?



● Nonequilibrium physics is poorly understood: No unifying theory like 
ensemble theory exists. 

● Many of existing concepts, scaling, RG, etc. may not applicable.

● Nonequilibrium situations are different from system to system.  

Origin of Theoretical Difficulties

(1) Nonequilibrium:

(2) Strong Correlation:
● Nonperturbative approach is required.

● Successful theories, BA, NRG, are static theories that are irrelevant in 
treating nonequilibrium situation.



Nonequilibrium Green’s Function Method by   
Keldysh or Kadanoff-Baym formulation:

Meir-
Wingreen
(1992)

The difficulty in Meir-Wingreen’s Formula is to

obtain G<
dd↑(ω) & G+

dd↑(ω) at V≠0
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Existing Nonequilibrium Transport Theory     
& its Difficulty



Expecting functional form of G+
dd↑ (ω)|v≠0 : 

G+
dd↑ (ω) = f(<nd↓>, < ↓>, < ↓>)|v≠0

Since (< ↓>, < ↓>)noneq cannot be obtained by 
static theories, NRG or BA, 

Nonperturbative Dynamical Theory  

For Nonequilibrium Dynamical Theory
For Strong Correlation Nonperturbative Theory

★ New approach:

⇓

We need a new conceptual and theoretical tool!



- Searching for a NDT -
JH & W. Woo, cond-mat/0701765



Quantum Mechanics Revisited
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Schrödinger Eq. Heisenberg Eq.
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Eigenfunction (static bases) 
Expansion

Expansion by dynamical bases

Schrödinger vs. Heisenberg (I)
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Dynamical Bases



Dynamical variable: Ψ(t) A(t)

Driving operator: H L=[H,A]

Basis vectors: {un} {en}

Schrödinger vs. Heisenberg (II)

{un}: Static Bases

{en}: Dynamical Bases

• Characteristics of Basis Vectors:

G±
ij(ω)=<ui|(ω±iδ-Ĥ)-1|uj>

G±
ij(ω)=<ψ0

N|{ci,(ω±iδ-L)-1cj†}|ψ0
N> (Fulde’s book)

• Resolvent Green’s Function:



Cofactor of aij in det A =

iG+
ijσ(ω)=∫

0

∞
<{ciσ(t),c

†
jσ}>eiωt- ηt dt=<cjσ|(zI+iL)-1|ciσ>

iG±
ij(ω)=(cofactor of Mij)[det M]-1, z=-iω±η

where Mij=zδij-<{iLej,ei
†}>, z=-iω+η, {ei}: normalized bases set

★ Essence of NDT: Constructing dynamical bases {ej} 

Then, Constructing Matrix M Matrix Reduction Calculating M-1

is straightforward



The Paradigm of Nonperturbative Dynamical Theory

Picture: Heisenberg instead of Shrödinger

Space: Liouville instead of Hilbert

Bases: Dynamical instead of Static

*Simplification: Bases instead of Hamiltonian

▼

▼

Construct the resolvent Green’s function matrix,                          

and transform ∞×∞ matrix into n×n

Matrix inversion for G+
dd↑ (ω)|v≠0



Strongly Correlated System: Quantum  
Impurities

Nonequilibrium: Steady-State

We will try a simplest system first.

⇓

We apply the NDT to Equilibrium Kondo 
Problem, then go to Non-Equilibrium case

Single Electron Transistor with a Quantum Dot 



Example: Single Impurity Anderson Model

Bases {ei}:

Metal:

Impurity-Metal (no U):

,

,

Metal-Impurity (U): 

Dynamical process in 
the large-U regime

MetalImpurity

Then we obtain the correct projection 
<{cdσ(t),c

†
dσ}> for the Green’s function

cd↑ is orthogonal 
to all other bases!

,
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Dynamical Bases
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Matrix Reduction by           
Löwdin’s partitioning technique
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Equation for Cd:

Obtaining Mkk
-1 is possible when                  

Mkk is block diagonal

P.O. Löwdin, J. Math. 
Phys. 3, 969 (1962)

Mujica et al., J. Chem.     
Phys. 101, 6849 (1994)



Retarded Green’s Function:

Reduced M-Matrix for the Symmetric Anderson Model:

♦ ζd governs the positions of incoherent peak 

♦ γ governs the width of coherent peak

♦ At the atomic limit, |Re(ζd)|=1/√2
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Spectral Densities ρ↑(ω)=-(1/π) ImG+
dd↑(ω)

BA,
1

)2/( SS
S

S ZZ
Z

Z
U =

−
=γ

Since the validity of the NDT has been checked for the SIAM in 
equilibrium, we now go to the nonequilibrium Kondo problem.

Unfortunately, γ is hard to obtain directly.  
We borrow ZS from the static theory, BA.

Γ
−

Γ= 4BA  /)/4(Z
U

S eU
π

π



H=HL+HR+HT+HQD

HL,R= Σkσ εkc†L,R
kσcL,R

kσ

HT= Σkσ(Vkdc†
dσcL,R

kσ+V*kdc†L,R
kσcdσ)

HQD= Σσεdc†
dσcdσ+UΣσndσnd-σ

- Nonequilibrium Kondo -

Single Electron Transistor under Bias

The simplest system of nonequil.+ strong correl.

applied.  is  ẑB  when   ||dd =⇒ BBBμεε gm



Bases for the Anderson model with 2 reservoirs

matrix55: ×ddM

Indexes L & R: Leads},{ L
kc ↑

},{ L
kd cn ↑↓

δ

},,,,,{ ↑
−
↓↑

+
↓↑↑

+
↓↑

−
↓ d

R
dd

R
ddd

L
dd

L
d cjcjccjcj δδδδ

}{ R
kc ↑

},{ R
kd cn ↑↓δ

Sk
L=

Sn
L=

Sd =

Sn
R =

Sk
R =

∞= ,,2,1 Lkwhere



⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+

+

∞ε

ε

iz

iz

00
00
001

O

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+

+

∞ε

ε

iz

iz

00
00
001

O

⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

kd

kd

iV

iV
M

⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

−

−

kdd

kdd

V

V

ξ

ξ
M

0 ⎟⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜

⎝

⎛

+

+

kdd

kdd

V

V

ξ

ξ
M

0

)( **
kdkd iViV L

0

)( ****
kddkdd VV −− −− ξξ L

)( ****
kddkdd VV ++ −− ξξ L

Reduced Liouville Space
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Matrix Reduction procedure:
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Resonant Levels & Their Spectral Weights          
- Atomic limit analysis -
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increases. biasas     
 peaks side and centralboth  from come  weightsspectralTheir  (3)
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– summary of the atomic limit analysis –
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Two types of coherence: γLL, γLR
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Understanding Nonequilibrium Kondo Phenomena  
– qualitative –

:LRγ
The coherent transport 

through the novel 
resonant level may be 

described by γLR



Coherent Transport in a Single Electron Transistor
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Bias induces side peaks and central peak 

reduction, and B-field causes Zeeman shift.
Both B-field & bias cause asymmetry.

Zeeman shift

B=0
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ρd↑(ω)
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new resonant   
levels are created

From equil. to nonequil.: schematic change of ρd↑(ω)

↘Δμ≠0

JH & W. Woo, PRL, 99, 196801(2007)

Self-consistent calculation will show this.

Δμ≠0
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Understanding Kondo-Peak Splitting

Note that U is not involved in γS
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Critical Splitting & Splitting Threshold

Let’s see when the peak splits for ∆K,S
0=0.5∆, 

for example.

(1) Applied field: gμBB=∆K,S
0 =0.5∆

ρd↑(ω)ρd↓(ω)

Not separated

dJ/dV

Vsd
ForwardReverse



Major peak of ρd↓(ω) positions  

∆0
K,S below the Fermi level

T4.2/2 B
0
K,C =Δ= μgB S

Condition of separation:

(2) Applied field: gμBB=2∆K,S
0 =∆

ρd↓(ω)

Separated

ForwardReverse Vsd

Critical splitting:

ρd↑(ω) dJ/dV



Dispersion Effect by Kondo 
Temp. (4: phenomenology)

__________________________

Threshold Equation:

___________________________

(position of the major peak)

TKm vs. BC:

BC ≈2.4T
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M-W II
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γLL+gμB

When B & Δμ≠0, symmetry is broken and one 
of new resonant levels becomes a major peak

↙

Kondo peak splitting: ∆K =γLL+gμB

dJ/dVsd ∝ ρd↑(ω) 
U=12



Summary

• We saw why new approach is required for treating 
nonequilibrium + strong correlation.

• We constructed Nonperturbative Dynamical Theory as  
a new approach.

• We applied the NDT to the Single Electron Transistor 
under bias.

• We explained experimental results for the Kondo-peak 
splitting that are unexplained by existing theories.


	(1) Nonequilibrium:

