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John Tyndall, 1820 - 1893

� Born in Leighlinsbridge, Co.Carlow 1820

� PhD in Marburg, Germany, in 1848, with Robert 
Bunsen (he of the Bunsen burner)

� Succeeded Faraday as Director of the Royal 
Institution 1863

� Initiated the practical teaching of science in schools

� Developed infrared spectroscopy

� Invented the light pipe

� Tyndall Scattering – explained why the sky is blue

� Tyndallisation – sterilisation process

� Studies of the atmosphere and the ozone layer
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Background

� electric currents at the nanoscale
� quantum transport from first-principles

� tunnelling currents in molecular wires
� correlations & tunnelling transport
� evaluation of independent particle approaches

Many-body formulation

Applications

� Configuration Interaction
� sources – Wigner distribution boundary conditions
� sinks – complex absorbing potentials

Outline
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Challenges for the theory:

S.A. Getty et al
(Maryland University)

� physical processes at the interface betweeen small & large

� new effects and device physics due to quantum mechanics, increased complexity 
and chemical features

� electronic structure from first-principles for systems with open boundary conditions

typical problem

Electric currents at the nanoscale
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Reasons to pursue
� direct validation of theory from experiments
� prediction of new electronic effects
� technology design

Commonly implemented electronic structure methods: 

effective equations

� extended Hueckel (semi-empirical)
� static KS-DFT
� Hartree-Fock

Non-Equilibrium Green Functions (NEGF)
or

Landauer conductance

independent-particle Ansatz

No established criterion for best orbital model when current flows

uncontrollable error that limits predictive power

Motivation & Common Approaches
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� time-dependent DFT

� perturbation theory, e.g., GW

� configuration interaction

However, to define their effectiveness and range of validity a method is 
needed that can yield the exact current-carrying electronic states

Approximate schemes conceptually and computationally simple

Our aim: devise transport scheme operating genuinely at the 
many-body level with

� precise description of electron-electron interactions
� inclusion of bulk contacts [(quasi-infinite) wires]

Beyond common approaches
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Configuration-Interaction (CI) formalism writing the N-electron system wavefunction as

Ψ = c1 |  |1 + c2 |  |2 + c3 |  |3 +…

where |  |i = Slater determinant of N single-electron orbitals

Reference

state

Single

excitation

Double

excitation

Triple

excitation








 −








n

NM

n

N

n electrons, M spin 

orbitals,  N occupied spin 

orbitals

Configurations

However, approximate number of 

configurations needed

Many-body formulation: 
Configuration Interaction

We find compact CI expansions by a Monte Carlo search

Not excitation limited
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A rough interpretation of 
many-body physics in CI
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µL or EL

EF eV

What is meant by incoming electrons on the left (or right)?
All electrons are indistinguishable, and there is no localization of a single electron 
beyond the one-body reduced density matrix

yielding the probability of finding any electron at position r

Left reservoir  |  Device region  |  Right reservoir

� No single-particle energies
� No Fermi-Dirac distributions
� .....

Common pictureµR or ER

( ) ( ) ( )nni id rrrrrrrrr ,...,,  ,...,, , 22

*

2
Ψ′Ψ=′ ∫∏ =

ρ

Many-body formulation: Sources
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constrain Wigner function in the contacts so that

momentum in-flow is fixed while allowing out-flow to vary

xL xR

via Wigner-Weyl transform

f 0
(p
)

f(
p
)-
f 0
(p
)

Proposed originally for
independent-electrons by W.R. Frensley
See: Rev. Mod. Phys. 62, 745 (1990) 

( ) ( ) ( )ℏ/exp2/,2/, prrxrxrpx idNf −−+= ∫ ρ

( ) ( )pxpxp , 2
1

fdd∫ ∫
−= ℏπ

Sources

direct link to Boltzmann transport
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What condition should the one-body reduced density matrix fulfil?
Since we are interested in a subsystem
we need to
maximise the entropy subject to the
system observables

Semiclassical

region

f(q,p) Quantum region

Ψ(r1,r2,…,rn)

� energy
� number of particles
� momentum inflow (our Ansatz)

low-temperature limit equivalent to minimisation of

the total energy  <Ψ | HH00 + e E xx | Ψ >  on the device region

subject to the “incoming” Wigner distributions constraints < Ψ | f f i | Ψ > = f i and 

< Ψ | Ψ > = 1

� Incoming electrons:

fixed by the nature of the contacts through the momentum distribution f(p)

� Outgoing electrons: fixed by the nature of the device region in an electric field 

resulting in reflection or transmission of probability, i.e., current,

I   =   (ℏ /2im)  [Ψ * ∇ Ψ - Ψ ∇ Ψ *]

Problem Definition
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� Monte-Carlo Configuration Interaction (MCCI) or other utility code giving the 

ground- and excited- state many-body wavefunctions at zero electric field E

=> converged expansion of many-body wavefunction not necessarily immense

� Choose the states coupled by the field and perform the constraint minimisation 

calculation at E yielding the current carrying state for each voltage V

Interface to electronic structure platform

Building many-body correlations 

� Optimised structures with TURBOMOLE code using default atomic basis sets 

(typically SV(P)) on the DFT mode with B3LYP; take advantage of symmetry 

(C2v, C2h)

� SCF calculation in TURBOMOLE with atomic basis of choice extracting 

molecular orbitals, one- and two- electron integrals

Computational Scheme
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Absorbing boundary conditions via

� formally exact

� not straight-forward to implement due to single-particle energy dependence

Self-energy

� formally derived from complex-scaling; however, for practical convenience employ 
ad hoc local anti-Hermitian operators with negative imaginary part

=> absorption of particles through the imaginary wall

� approximate but energy-independent resulting in simple addition of a one-particle 
operator to the Hamiltonian

� common form chosen to satisfy known constraints and stability conditions or 
derived from semi-classical approximation

=> requires a search over a parameter space

Complex absorbing potentials (CAPs)

Many-body formulation: Sinks



www.tyndall.ie

Our approach: exploit relation between self-energy and CAPs

since they both convert a line spectrum (and associated bound states) to 
a series of resonances just require that they do so in a similar fashion

There are two questions:

1. How do we identify the appropriate states and energy levels?

2. How do we use those to build the CAP?

T. Henderson, G. Fagas, E. Hyde, and J.C. Greer, 
J. Chem. Phys. 125, 244104 (2006)

Self-Energy Transformed
Complex Absorbing Potentials (SET-CAPs)
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Step 1: calculate evolved states of device region as the interaction with reservoirs 
is adiabatically switched via variation of λ from 0 to 1

( )[ ] ( ) ( )

( ) ( )[ ] ( ) λλλλ

λλλλ

ωωλ

ωωλ

iiii

iiii

VHV

UUH

      

      

0

0

++ =Σ+

=Σ+

Step 2: accumulating eigenvalues and eigenevectors, it would seem simple to 
define                                                   so that we get the same result as from Σ.[ ] +=+ VUWH       0 ω
But due to the energy dependence 1)  (or   ≠++ UVVU

[ ] 1

0       −=+ UUWH ω
ψ

Hence, approximate

SET-CAPs: Construction
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NL
NM NR

γ γ γγγ γ γ γΓ Γ

Transmission spectrum using � analytic exact expression for the self-
energy

� self-energy transformed CAP

NR =NL = 0

NM = 12

γ

SET-CAPs:
Application to simple Hueckel model

ψ ϕ

η

η



www.tyndall.ie

NoNoYesEnergy Dependent

YesNoNoNumerical 

Optimisation

NoYesYesExact Energy Levels

NoSomeYesExact States

YesNoNoExtended Device 

Region

CAPsSelf-Energy

Property

YesNoNoLocal

PhenomenologicalSelf-energy 

transformed

Self-energy Transformed CAPs:
Summary
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Application: Molecular Tunnel Junctions

basic physics: tunnelling through a barrier

]22exp[
2

*

   0 b

m
lGG Φ−=
ℏ

zero-bias tunnel conductance
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Tunnelling  in Benzene-dithiol

C.A. Martin, D. Ding, H.S.J. van der Zant, J.M. van 
Ruitenbeek, submitted to New J. Phys.

P. Delaney and J.C. Greer, Phys. Rev. 
Lett. 93, 036805 (2004)

M. Kiguchi et al, Appl. Phys. Lett. 89, 213104 (2006)

E. Loertscher, H.B. Weber, and H. Riel, Phys. Rev. Lett. 98, 

176807 (2007)

C. Toher and S. Sanvito, Phys. Rev. Lett. 99, 056801 (2007)

852.3

309.9

3.85

4648.8 (ASIC) / 17820.6 (LDA)

X. Xiao, B. Xu, and N. J. Tao, Nano Lett. 4, 267 (2004)

Conductance G(ns)

conductance

20 – 100 ns
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n = 3
n = 4
n = 5

Autip – S – (C2H4)n – S – Autip molecular junction in HF

Molecular Length Dependence 
of Tunnelling
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Alkanediamines:
Comparison to experiment

3.85/0.222.32±2.324.33± 3.263.65Octane

-5.66±1.554.91± 3.264.27±1.03Heptane

20.79/1.2711.62±1.1630.64± 6.0712.96±2.98Hexane

-27.12±0.7751.99±24.1034.52±16.51Pentane

F. Chen et al, JACS 128, 
15874 (2006)

High-G/Low-G

L. Venkataraman et 
al, Nano Letters 6, 
458 (2006)

NH2-
anchoring

NH-
anchoring

Conductance G(ns)

G. Fagas and J. C. Greer, Nanotechnology 18, 424010 (2007)

agreement for alkanedithiols is fair but more ambiguous due to Au-S-C anchoring
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Tunnel Resistance 
Exponential Law

4800kΩ900 kΩ140 kΩ140 kΩcontact 
resistance

0.07 Å-1

(0.14/SiH2)
0.09 Å-1

(0.18/SiH2)
0.76Å-1

(0.98/CH2)
0.39Å-1

(0.5/CH2)
inverse decay 
length

Silane-
diamines

Silane-dithiolsAlkane-
diamines

Alkane-dithiols

treating  correlations explicitly
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G. Fagas, A. Kambili, and M. Elstner, 
Chem. Phys. Lett. 389, 268 (2004)

V. Bezugly and U. Birkenheuer, 
Chem. Phys. Lett. 399, 57 (2004)

within an independent particle model the 

tunnel exponent is determined by the 

smallest decay of wavefunctions in the gap

Complex Band Structure

HF

explicit

correlations
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� many-body result yields correct physical picture

� reasonable agreement with measurements

Tunnel Resistance Exponential Law:
Summary
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Alkanediamines:
Comparison to other theoretical results

 explicit correlations
G. Fagas and J. C. Greer, Nanotechnology 18, 424010 (2007)

� NEGF/DFT
S. Wohlthat, F. Pauly, and J. R. Reimers, Chem. Phys. Lett. 454, 

284 (2008)
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Silanediamines:
Comparison to other theoretical results

� explicit correlations

� NEGF/DFT

S. McDermott, C. George, G. Fagas, J. Greer, and M.A. Ratner, 
in preparation
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Alkane- and Silane- dithiols:
Comparison to Hartree-Fock

G. Fagas, P. Delaney, and J.C. Greer, Phys. Rev. B 73, 241314(R) (2006)

contact 
resistance

117%

75%

14%

32%

inverse decay 
length

Silane-dithiolAlkane-dithiol

% error relative to including explicit correlations
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Correlations: effects beyond that described by a single Slater determinant

For an observable <X> one may derive an expression for the correlation 
contributions

using the factorisation properties of reduced density matrices

<X> = Σki ρkiXik = 2/(N-1) Σkij Γkj,ijXik

= 2/(N-1) Σkij [1/2(ρkiρjj –ρkjρji/2) Xik] + <X>c

<X>c = 1/(N-1) Σi [ni(ni-2)/2] Xii …use this later for the current

if Ψ = Det[φ1(r1s1), …, φN(rNsN) ] then

N eigenvalues with    ni = 2 (eigenvectors φi) and all other with    ni = 0

Fingerprints via the occupations (eigenvalues) ni of 
in the single-electron basis representations

( )rr ′,ρ

( ) ( )[ ]rrr ρρ  and , ′ are calculated from the current carrying Ψ

Physics of Many-body Correlations
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alkane-based molecular junctions

weak, voltage independent 
correlation effects

Correlations in
Through-bond Tunnelling
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slightly stronger correlation results in much larger disagreement => 
need to define which SD gives best quantitative estimates

Comparison of Correlations between 
Alkane and Silicon Molecular Wires



www.tyndall.ie

Comparison of Independent-particle Models
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Why Natural Orbitals?
Relation to NEGF

R.J. Bartlett, G. Fagas, and J.C. Greer, arXiv:0710.5276

correct the one-body reduced density matrix to 2nd order

equivalent to 2nd order correction in Σ
ee

this improves electron affinities and ionisation potentials
and coincides with natural orbitals when ρ2 ≈ ρ

use Hartree-Fock as reference
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Missing Links

relation of contact resistance discrepancies with charge transfer
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voltage and length dependence of correlation:
� for small voltages => overall constant with increasing field and same to zero voltage 
(i.e., ground state) correlations
� at resonance there is qualitative change to be explored
� C/Cmax towards lower values with increasing length- system becomes least correlated

independent-particle models:
� Slater determinant made from natural orbitals with highest occupancy seems to give 
most of the current contributions
� despite weak correlations Hartree-Fock diverges from the many-body values 
(yielding contradicting results!)
� more important to maximise overlap to many-body wavefunction (or one-body 
density matrix) rather than to minimise energy with respect to orbitals or density

maxdet1 =ΨΦ −

G. Fagas, P. Delaney, and J.C. Greer, Phys. Rev. B 73, 241314(R) 
(2006)

Challenge?  Find an effective equation 
for natural or Brueckner orbitals

Correlations:
Summary
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� Simple, efficient formulation of quantum transport that

� Predicted IV curves in reasonable agreement with 
experiment for all-studied systems

� Distinction between resonant and non-resonant 
transport needs to be clarified

� Independent-particle models and role of correlation 
are explored

� explicitly includes many-body effects
� allows systematic comparison with other approximate methods

� overlap to many-body wavefunction criterion for best 
independent-particle model in off-resonant tunnelling
� HF with 2nd order correction sufficient

Concluding Remarks

PhD and postdoc positions available for studies in molecular and semiconductor wires
georgios.fagas@tyndall.ie


