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Basics

The effective massless Dirac Hamiltonian for graphene and conical
dispersion relation near K -point

Ĥ = uσp̂ ⇒ E (p) = ±u|p|, u ∼ 106m/sec

σ = (σ1, σ2) → Pauli matrices, p̂ = −i~∇, ∇ = ( ∂
∂x
, ∂

∂y
)

k2

k1

E(k)

[*]K.S.Novoselov,A.K.Geim,et al.,Science,306,666(2004)
[*]V.V.Cheianov, V.I.Falko, Phys.Rev.B74,041403(2006)
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Waveguides and quantum dots

The effective Hamiltonian

Ĥ = u(σp̂) + v(x , y)

v(x , y) → the confinement poten-
tial, simulated “walls”

Straight quasi-1D waveguide with stepped potential

Ĥ
(
χν

1(y)
χν

2(y)

)
e ikx = E ν(k)

(
χν

1(y)
χν

2(y)

)
e ikx -a a

-v1

-v0

y

v(y) x

k → the longitudinal momentum
ν → the number of the transversal subband
[*]J.Milton Pereira et al.,Phys.Rev.B 74, 045424(2006)
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The equation, determining the dispersion relations E = Eν(k) for
symmetric well:

[E (E + v0) − k2] sin(2qa) − κq cos(2qa) = 0.

κ =
√

k2 − E 2, q =
√

(E + v0)2 − k2

Linear dispersion for small k, cos(2v0a) 6= 0 :

E 0(k) = |k| sign{sin(2v0a)} cos(2v0a).
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1D-equation in curved stripe

(x , y) → (ξ, η), r = R(ξ) + ηn(ξ), G = (1 − s(ξ)η)2

ξ → longitudinal (length), η → transversal coordinate
R(ξ) → the axis, |R′(ξ)| = 1, n(ξ) ⊥ R′(ξ), |n(ξ)| = 1
s(ξ) → the curvature of the axis of the waveguide

Ĥcurv =
1

4
√

G
Ĥ 4
√

G = −(σR′)
4
√

G

i∂

∂ξ

1
4
√

G
− (σn)

i∂

∂η
− is(ξ)(σn)

2
√

G
+ v(η)

,
HL 49.2, DPG Frühjahrstagung, March 29 2007 in Regensburg. p. 5/9



Adiabatically curved stripe, i.e. s(ξ) → 0:

Ĥcurv

(
χ̂1

χ̂2

)
ψν(ξ) = εν

(
χ̂1

χ̂2

)
ψν(ξ)

[E ν(k̂) + L̂ν ]ψν(ξ) = ενψν(ξ), k̂ = −i∂/∂ξ

E ν(k̂) + L̂ν → the longitudinal Hamiltonian
E ν(k̂) → “quantized” dispersion relation, L̂ν → corrections
ψν(ξ) → the effective longitudinal wavefunction

Effective equation for small momenta

sign{sin(2v0a)}sign{k̂}
(
−i

∂

∂ξ
+

s(ξ)

2

)
ψ0 = E 0ψ0

vgeom(ξ) = s(ξ)/2 → “geometric” potential, no boundstates
Quadratic dispersion: vgeom(ξ) = −s2(ξ)/4, boundstates
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Model of a quantum dot

v(r) = −v0 if r < a, v(r) = 0 if r ≥ a:

Cylindrical coordinates x = r cosϕ, y = r sinϕ

Ĥ
(

χ1(r)e
inϕ

χ2(r)e
i(n+1)ϕ

)
= E

(
χ1(r)e

inϕ

χ2(r)e
i(n+1)ϕ

)

{
− ∂2

∂r2
− 1

r

∂

∂r
+

n2

r2
− E2

}
χ1 = 0, r ≥ a.

χ1 = Jn(|E|r), Nn(|E|r) ⇒ 2D localization is impossible
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Scattering problem

Scattering state for the “particle” with positive energy

Ψ → e i |E |r cos ϕ

√
2

(
1
1

)
+

e i |E |r

√
r

(
f1(ϕ)
f2(ϕ)

)
, r → ∞.

Total cross section σ(|E |)
demonstrates resonance

behavior,
tends to a constant

when |E |a → ∞.

Born approx. (v0a ≪ 1):

σ → 16v2
0 a3/3.
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Quadratic dispersion: σ → 0 when |E |a → ∞
,
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Conclusions

1D localization in straight graphene waveguides is possible

For the waveguide with symmetric stepped potential the
dispersion relation at small longitudinal momenta is linear

The geometric potential in the adiabatically curved graphene
waveguide cannot form boundstates

2D localization in a cylindrically symmetric quantum dot in
graphene is impossible

The total crossection of the scattering by the considered well
demonstrates a resonance behavior

[*] T.Tudorovskiy, A.Chaplik, JETP Lett., 84, 11 (2006), 619–623
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