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Outline

• Motivation:
anomalous QHE in graphene layers

• Theory:
graphene band structure and magnetoelectronic spectrum

• Bilayer graphene:
effects of interlayer interaction beyond Bernal stacking

• Double wall carbon nanotubes:
varying stacking around the circumference
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Motivation: Graphene

(remember: HL 37.5 this morning)
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Motivation: Quantum Hall effect (QHE)

2D semiconductor
σxy =

e2

h
gsn

von Klitzing et al ., Phys. Rev. Lett. 45, 494 (1980)
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Odd-integer QHE in graphene

2D semiconductor

σxy =
e2

h
gsn

monolayer graphene

σxy =
e2

h
gs

(

n+
1

2

)

Zhang et al. / Novoselov et al., Nature 438 (2006)
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Nonzero QHE in bilayer graphene

2D semiconductor

σxy =
e2

h
gsn

monolayer graphene

σxy =
e2

h
gs

(

n +
1

2

)

bilayer graphene

σxy =
e2

h
gsn, n� 0

Novoselov et al., Nat. Phys. 2, 177-180 (2006)
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Theory: Peierls substitution

γij(B) = γij
0 exp

(

2πi
Φ0

∫

ri

rj

dr ·A(r)

)

magnetic field: B(r) = ∇×A(r)

gauge field: A(r) (“vector potential”)
flux quantum: Φ0 = h/e Peierls, Z. Phys. 80, 763 (1933)

Phase of circular path
given by enclosed area F :

ϕi→j→k→i = exp
(

2πi
F B⊥

Φ0

)

7



The original Hofstadter butterfly (I)

(lattice constant a)
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The original Hofstadter butterfly (II)
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The original Hofstadter butterfly
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1975 in Regensburg...

HP 9820A (“Rumpelstilzchen”)
(8MHz/16bit CPU, 3432 byte RAM...)

D. Hofstadter
G. Wannier
G. Obermair

Phys. Rev. B 14, 2239 (1976)
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Conventional Landau levels

→ Landau levels at band
band edges with
effective mass m∗ =

~
2

2γa2
:

E = + 4γ − ~e

m∗
B⊥

(

n +
1

2

)

E =− 4γ +
~e

m∗
B⊥

(

n +
1

2

)
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Band structure of graphene

hexagonal lattice, 2-atom basis:
H(k)= ε0− γ0

(

0 1+ eika1 + eika2

1 + e− ika1 + e− ika2 0

)

E(k)= ε0± γ0

∣

∣1+ eika1 + eika2
∣

∣

⇒ pointlike Fermi-“surface”
at K-points

⇒ semi-metallic character

⇒massless bands at EF

(Dirac-like theory)

Wallace, Phys. Rev. 71, 622 (1947)
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Hofstadter butterfly of graphene

(standard) Landau levels (“LL”):

E −Emin∝ ~e

m∗
B
(

n +
1

2

)

Emax−E ∝ ~e

m∗
B
(

n +
1

2

)

effective mass: m∗ =
2~

2

γa2

Rammal, J. Phys. (Paris) 46, 1345 (1985)
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Hofstadter butterfly of graphene

(standard) Landau levels (“LL”):

E −Emin∝ ~e

m∗
B
(

n +
1

2

)

Emax−E ∝ ~e

m∗
B
(

n +
1

2

)

relativistic LL: (vF = 3
√

γa/2~)
E −EF =± vF 2e~ B n

√

supersymmetric LL (“SuSyLL”):
E = EF
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Hofstadter butterfly of graphene

B0
⊥ = Φ0/Aplaquette

≈ 79 kT (!!)
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Graphene nanoribbon

(80,0)-armchair ribbon
W = 20nm

see also:
Peres et al.

PRB 73, 241403 (2006)
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Bilayer graphene

γij
interlayer=

γ0

8
exp
(

dij − d0

δ

)

β =
γ0

8
, d0 = 3.34Å, δ = 0.45Å



Hofstadter butterfly of bilayer graphene

Bernal-
stacking

broken symmetries:
→Φ0-periodicity
→ electron-hole

SuSyLL protected
by symmetry

see also: Novoselov et al., Nature Physics 2, 177 (2006)



e-h asymmetry

Bernal-
stacking



Shifted bilayer graphene



Split of the SUSYLL

Bernal stacking:
SuSyLL protected against split

Shifted configurations:
SuSyLL split by varying amounts



Split of the SUSYLL

Bernal stacking:
SuSyLL protected against split

Shifted configurations:
SuSyLL split by varying amounts



Carbon nanotubes at accessible fields

• scaling behavior: DOS(m,m)(E, B) =DOS(m′,m′)

(

m

m′
E,

m2

m′2
B

)



Inter-shell effects in MWCNT

• no interaction ⇒ DOS=DOSinner+DOSouter
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Inter-shell effects in MWCNT

• no interaction ⇒ DOS=DOSinner+DOSouter

• SuSyLL split up by intershell-interaction



Inter-shell effects in MWCNT

∆E≈ 0.1eV independent of relative positions !!



Summary

• Graphene: Dirac electrons at EF → relativistic LL & SuSyLL

• SuSyLL in graphene: ∆ESuSy varies with relative shift of layers

• DWCNT: ∆ESuSy≈ 0.1 eV

Outlook

• more detailed modelling of interlayer interaction

• effects on magnetotransport
e.g. Fabry-Perot, see also: HL 49.1, 1730 (H17)

• role of defects
see also: HL 49.3, 1800 (H17)
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