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1. Wannier-Stark problem

Quantum transport in a spatially periodic optical lattice:
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Band structure and Bloch waves without gravity/static force:
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Bloch oscillations




Bloch oscillations
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Landau-Zener tunnelling

Decay via interband tunnelling after each Bloch period Tg = 27h/dF:

C
FLZ ~ Fexp (—dLF>

with constant ¢ ~ (band gap)? ~ V02
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Resonantly enhanced tunnelling

Wannier-Stark ladder of energy levels: F,,(a) = Eo(a) + Fdrym

FEi— Ey
(2m)

resonant tunnelling for F ~ (with integer m)
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2. Bose-Einstein condensate




3D Gross-Pitaevskii equation

2
1
ih%zp(f’, t) = [—Q%VQ +5M (w2a? + wip?) +
V sin? (gi) + Fo+ gl t)?| 97,0

with the characteristic scales defined by the lattice period d:
ER = p%{/QM for PR — h?T/dL

and the dimensionless parameters:

£r = 3381271'/611;, V() = VSI/SER,F = FSICZL/(167TER),Q — gSIdLN/(lﬁﬂ'ER)



Experimental observable: Momentum distribution

Experiment:




Experimental observable: Momentum distribution

3D GPE:
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Survival and recurrence probabilities

Survival probability:

Dc
Pan(t) = / dp. ( / dp,dp.| (7, t)\?) ,
—Dc

where p. > 3pr

Recurrence probability = autocorrelation:

Proc(t) = |(¥(8)| 0t = 0))|* .
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Survival probability and tunnelling rates:
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Survival probability and tunnelling rates:

0.9
0.8
0.7
0.6

| s

------
-------
-------
B
O
CCEEEE)
"

. HOp
F at peak maximum “%oog
DDD
ol e - HE
0 1 2 3 4 5 6 7 8 9 10
t[TBloch]



P, (0

Survival probability and tunnelling rates:
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P, (0

Survival probability and tunnelling rates:
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Recurrence probability and tunnelling rates:
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Recurrence probability and tunnelling rates:




Recurrence probability and tunnelling rates:
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3. Nonlinear tunnelling rates?

For g = 0 we can define characteristic rates I:
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Nonlinear resonance states?

Since V(z) = Vpsin®(z) + Fx — —oo for £ — —oo, any wave packet initially
prepared in the optical lattice will escape!!

resonance state :

H[wg]wg = Egtg ,
for B, = py —il'y/2 and

H) = 3 2+ V) + gl (o)

To render the problem meaningful we demand that the condensate wave function
remains normalised in the central potential well around x ~ 0:

/C da [ty ()2 = 1.



Complex-scaling technique

Eigenvalue problem in the complex domain:

HP[W0w) = Egyl

with
= = e 2 L Y (ze ) + govr ()0 ()

and
. — i0
go — g¢€



Numerical implementation

Starting with an initial guess for 1)%(x,t = 0), we evolved in (real-)time the grid
representation of ¢?(x,t):

with the box functions

oy ) YA /Ay — gl < 1)2
Xj(x)_{ 0 , otherwise

and a suitable grid spacing A,.



Numerical algorithm

“forward time centred space” representation of the derivatives leads to a
tridiagonal Hamiltonian matrix which is evolved by

Crank-Nicholson steps:

(1+ iHW"At/2) P (z,t + At/2) = (1 — i H [0/ At)2) 0 (z,t — At/2) .

and then iterated in the following way:

we(a},t + At) = (1 — iHe[we]At) we(:c,t)

to arrive at the resonance state for sufficiently large ¢:

¥ (@,t) — ) (a)



Result for nonlinear tunnelling rates
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4. Conclusions

quantum transport models realisable with Bose-Einstein condensates in optical
lattices: Nonlinear Wannier-Stark problem

Robust experimental observables for tunnelling decay: survival and recurrence
probabilities

Nonlinear resonance states < renormalisation & complex-scaling algorithm

Interaction-induced shift and broadening of RET peaks

Open problem:

Computation of survival probability (remaining atoms N (t)):

AN (1)
T = —Fg(t>N(t) ?
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