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3 two-dimensional electron gas (2DEG): low
electron density and high mobility

3 spin-orbit splitting due to bulk inversion asym-
metry (BIA): Dresselhaus effect

3 spin-orbit splitting due to structural inversion
asymmetry (SIA): Rashba effect

Semiconductor Heterostructures

Introduction



Rashba spin-orbit coupling
? Quantum heterostructures: structural inversion asymmetry

in growth direction ẑ induces Rashba term:

HR =
~kSO

m

[
~σ ×

(
~p− e

c
~A
)]
· ẑ

Rashba, Fiz. Tverd. Tela 2, 1224 (1960)
[Sov. Phys. Solid State 2, 1109 (1960)]

E

ky

? Possibility of tuning kSO by external gate voltages (de Andrada e Silva et al., Phys. Rev. B 55, 16293 (1997) )

Nitta et al., Phys. Rev. Lett. 78, 1335 (1997) Grundler, Phys. Rev. Lett. 84, 6074 (2000)
Schäpers et al., J. Appl. Phys. 83, 4324 (1998)
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Rashba effect: an overview

Hamiltonian of a two-dimensional gas (2DEG) with Rashba spin-orbit coupling

H =
p2

2m
+
~kSO

m
(σxpy − σypx) (1)

Spectrum E±(k) =
~2

2m
(k ± kSO)2 −∆SO (2)

Wavefunctions Ψ±(x, y) = ei
~k·~r
(

1

±ie−iθ
)

with θ = arctan

(
ky
kx

)
(3)
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Rashba effect in quantum wires (QWs) (I)
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H =
p2
x

2m
− ~kSO

m
σypx

LSO =
π

kSO

Ē =
~2

2m
k̄2 =

~2

2m
(k ± kSO)2

k+ = k̄ − kSO and k− = k̄ + kSO

T±(k̄) =
∣∣∣ i(k++k−)

∆+i(k++k−)

∣∣∣
2

=
∣∣∣ 2ik̄

∆+2ik̄

∣∣∣
2

R±(k̄) =
∣∣∣ ∆

∆+i(k++k−)

∣∣∣
2

=
∣∣∣ ∆

∆+2ik̄

∣∣∣
2

∆ =
2mU0

~2
and k+ + k− = 2k̄



Rashba effect in quantum wires (II)
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∆ = 5 
∆ = 10
∆ = 20

H = p2
x

2m
− ~kSO

m
σypx+U0[δ(x)+δ(x−W )]

LSO =
π

kSO
⇔ W

The total transfer matrix is MT = ML ·
(

e−ik+W 0 0 0
0 e−ik−W 0 0
0 0 eik+W 0 0
0 0 0 eik+W

)
·MR

The total transmission is

TT =
T 2

1

1 +R2
1 + 2F (k)T 2

1

with

F (k) = <[M
(11)
L M

(11)
R M

(13)∗
L M

(31)∗
R ei(k++k−)W ]



Rashba effect in quantum wires (III)
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The Hamiltonian of the system is

H =
p2

2m
+ V (x) +

~kSO

m
(σxpy − σypx) (4)

This can be diagonalized in a reduced Hil-
bert space to take account of the subband
hybridization due to −σypx.




E0
n − E ~2kSO

m 0 −~2kSO
m ∆SO

~2kSO
m E0

n − E ~2kSO
m ∆SO 0

0 ~2kSO
m ∆SO E0

n+1 − E ~2kSO
m

−~2kSO
m ∆SO 0 ~2kSO

m E0
n+1 − E







an↑

an↓

an+1↑

an+1↓




= 0

F. Mireles and G. Kirczenow, Phys. Rev. B 64, 24426 (2001)



Rashba effect in quantum wires (IV)
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Rashba effect in quantum wires (V)

E(k)

k
k3k1

k2
k4-k4

-k2-k1-k3

The Hamiltonian of the system is

H =
p2

2m
+V (x) +

~kSO

m
(σxpy − σypx) +U0δ(y)

The transmission function is evaluated in the
truncated subspace containing the first two
subbands.

E1,2,3,4(k) =
E1 + E2

2
± 1

2

√[
(E2 − E1)± 2

~2kSO

m
k

]2

−
(

2~2kSO

m
∆SO

)2

with ∆SO = 〈1|px|2〉 subbands mixining term.
The trasmission probabilities are

Tlower(E) =

∣∣∣∣
i(k1 + k3)

∆ + i(k1 + k3)

∣∣∣∣
2

and Tupper(E) =

∣∣∣∣
i(k2 + k4)

∆ + i(k2 + k4)

∣∣∣∣
2

.



Rashba effect in quantum wires (VI)
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Rashba effect in quantum wires (VII)
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combine the effects due to the spin-
orbit dependent scattering plus spin-
precession plus subbands hybridization.
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. . .+
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1D periodic potential with Rashba effect
x

a

The Hamiltonian of the periodic system is

H =

(
p2
x

2m
+ U(x)

)
⊗ I2 +

kSO~
m

σypx with U(x) = U(x+ a)

In tight-binding this can be written

Space representation in σy eigenstates

Htb =
+∞∑

j=−∞
χ={+,−}

[
∆χ|χ, j〉〈χ, j + 1|+ ∆∗χ|χ, j + 1〉〈χ, j|

]




∆+ = t0 − itSO

∆− = t0 + itSO

Space representation in σz eigenstates

Htb =
∑

〈i,j〉
σ,σ′

|i, σ〉 (t0I2 + iσytSO)σ,σ′ 〈j, σ′|+hc





t0 = ∆ cos(kSOa)

tSO = ∆ sin(kSOa)



1D periodic potential with Rashba effect (II)
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Momentum representation
Htb =

∑

k

E+(k)|k,+〉〈k,+|+ E−(k)|k,−〉〈k,−|
with spectrum

E±(k) = 2 cos(ka)t0 ± 2 sin(ka)tSO



1D periodic potential with Rashba effect (III)
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SYSTEM

The environment is represented by a bath of harmonic ex-
citation above a stable ground state. The coupling with the
system is due to a linear function of the bath coordinates.

The Hamiltonian of the global system is

H = H0 +
1

2

N∑

α=1

[
p2
α

2mα
+mαω

2
α

(
xα −

cα
mαω2

α

q

)]

The environmental is characterized by its spectral function

J(ω) =
π

2

∑

α

c2α
mαωα

δ(ω−ωα) ∝ ηsω1−s
ph ωse−ω/ωc





0 < s < 1 sub-Ohmic case

s = 1 Ohmic case

s > 1 super-Ohmic case

U. Weiss, Quantum dissipative systems, World Scientific



1D periodic potential with Rashba effect (IV)

It is important to study the operator coupling the system to the environment

q̂ =

+∞∑

j=−∞
ja (|j,+〉〈j,+|+ |j,−〉〈j,−|)

The particle is in |χ, n = 0〉 at t0 = 0, Pnχ(t) is the probability of finding the
particle at site n with spin χ at time t.

* Position’s expectation value

P (t) = 〈q̂〉 = a
∑

n

n (Pn+(t) + Pn−(t)) = 〈q̂+(t)〉+ 〈q̂−(t)〉

* Quantum charge current

Jcharge = e lim
t→∞

d

dt
〈q̂〉 = e lim

t→∞
d

dt
(〈q̂+(t)〉+ 〈q̂−(t)〉)

* Quantum spin current

Jspin = e lim
t→∞

d

dt
(〈q̂+(t)〉 − 〈q̂−(t)〉)



1D periodic potential with Rashba effect (V)

* Diffusive variance

S(t) = 〈q̂2〉 − 〈q̂〉2 = a2
∑

n

n2 (Pn+(t) + Pn−(t))− P (t)2

* Quantum diffusion coefficient

D =
1

2
lim
t→∞

a2 d

dt

∑

n

n2 (Pn+(t) + Pn−(t))− P (t)2

* The populations Pnχ are the diagonal elements of the reduced density
matrix (RDM). Using the Feynman-Vernon method they can be written as a
double path integral for the propagator function

Pn,χ(t) = ρ(nn, χχ, t; 00, χχ, 0) =

∫
Dq
∑

σ

∫
Dq′

∑

σ′

A[qσ]A∗[q′σ′]F [q, σ, q′, σ′]

A[qσ] is the propability amplitude to go from (q = 0, σ) to (q = na, σ) along
qσ(t′). The environment is in the influence integral F [q, σ, q′, σ′].



1D periodic potential with Rashba effect (VI)

For each spin carrier we can define a double path in the RDM

q(k)
σ (τ) = a

k∑

j=1

uj,σΘ(τ − tj) q′(l)σ (τ) = a
l∑

i=1

vi,σΘ(τ − t′i)

where uj,σ = ±1 and vi,σ = ±1. For double path from (0, 0) to (n, n) there is
the constraint

k∑

j=1

uj,σ = n
l∑

k=1

vi,σ = n

* Nonintercating-cluster appro-
ximation (NICA)

−1

−2

0

−3

1

2

3
t

t=0

R. Egger, C.H. Mak, and U. Wiess, Phys. Rev. E 50, R655 (1994)
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Conclusions and Outlook

* In 1D quantum system: Rashba effect gives rise only to spin precession.

* In quasi-1D quantum system: polarization due to Rashba effect is depen-
dent by the subband.

* In quasi-1D quantum system: Rashba effect gives rise to spin dependent
quantum tunneling.

* In the simples tight binding model for 1D Rashba Hamiltonian the dynamics
for the two spin branches are independent.

* * To finish calculation for the single band model and move to multibands
model.


