
Single electron spinSingle electron spin decoherence in a quantum qot.

Outline of the talk:

1. Introduction, mechanisms of spin relaxation and decoherence in GaAs quantum dots.

2. Spin-orbit interaction.  Suppression of the spin relaxation for the localized electron state.

3. Absence of the spin decoherence due to spin-orbit interaction in GaAs quantum dots.

4. Spin relaxation for the interacting problem (at the singlet-triplet transition).

5. Decoherence due to inhomogeneous hyperfine coupling to the nuclei .

6. Conclusions.  
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The spin dynamics of electrons in semiconductors is of central interest now 
(particularly, the controlled manipulation of spin). 

S.A. Wolf et al., Science 294, 1488 (2001).

Which mechanisms of the spin phase decoherence are important for electrons 
confined to a  closed system like a quantum dot with a spin ½ ground state?

These systems are promising candidates for scalable spin qubits-

Recent measurements of  T1 time in a single electron and 2 electron quantum dots:
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R. Hanson et al.,  PRL 91, 196802 (2003). 

Extremely long T1 time was observed !   50-200 µs
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Relaxation and Decoherence of the Electron Spin in Quantum DotsRelaxation and Decoherence of the Electron Spin in Quantum Dots
Sources:
• spin-orbit (S.-O.) interaction
• hyperfine interaction with nuclei
• Zeeman interaction with external 

magnetic fields
• exchange interaction with neighboring

quantum dots or magnetic impurities

phonon

−e

The main sources of spin relaxation and decoherence in GaAs QD:
1) Spin-orbit interaction    2) Hyperfine interaction with nuclei 

A. Khaetskii, D. Loss, L. Glazman, PRL, 2002; 
J. Schliemann, A. Khaetskii, D. Loss, J.Phys.: Cond. Matt., 2003.-Topical Review
I. Merkulov, Al. Efros, M. Rosen, Phys. Rev. B, 2002.
R. De Sousa, Das Sarma, Phys. Rev. B, 2003.
S.I. Erlingsson, Yu.V. Nazarov, Phys. Rev. B, 2002.

Hyperfine interaction:



Some properties of the GaAs like crystals
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There is no inversion   
symmetry

a) spin-orbit splitting in the electron spectrum
b) strong coupling to the piezo-phonons

For delocalized (3D, 2D) states spin-orbit interaction is often the main source 
of  spin-flips (D`yakonov-Perel).
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However, it is not the case for the localized 
electron states!



1)  The admixture mechanism.

Mechanisms of the spin-flip
2)  Direct spin-phonon coupling. 

In the presence of the spin-orbit term the electron 
'spin-up' state contains a small admixture of the  
'spin-down' state and vice-versa 
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Sic! The effect of the spin-orbit interaction cancels in the first order in the spin-
orbit coupling  constant (in strong contrast to the situation in the bulk).
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Then the spin-flip rate  4β∝Γ↑↓

Φ′=Φ
∧∧

ˆ),,(ˆ yxU σ

This can be seen by making spin-dependent transformation 
which removes the term linear in         from the Hamiltonianβ

(valid only for localized state!)

A.V. Khaetskii  and Yu.V. Nazarov, PRB 61, 12639 (2000);
B.I. Halperin et al., Phys.Rev.Lett.  86, 2106 (2001).    
I.L. Aleiner and V.I. Fal'ko,  Phys. Rev.Lett. 87, 256801 (2001).

We expect: spin-flip rate for the transitions between different orbital states 
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A.V. Khaetskii and Yu.V. Nazarov,  PRB 64, 125316  (2001).

For transition between Zeeman sublevels  T1 ~ 1ms at  B=1T, =10K.ω0

For  transitions between different orbital levels T1~ 

For localized states in a quantum dot the spin-flip processes due to S-O  
interaction are strongly suppressed.    unusually  long T1 time.

! Contribution  to the spin-flip rate            appears  if one takes into account 
the finite Zeeman splitting additional smallness                        . 
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What about decoherence, i.e. T2 time? For the parameter range T<< 0ω
and  0

2 ωµβ <<<<∗ Bgm B we obtain the effective Hamiltonian: 
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is the orbital 
wave function.

Vector αβ ,)( ∝tΩ depends on the dot geometry and randomly on time.

In 1st order in spin-orbit interaction, there can be only transverse
fluctuations of the effective magnetic field, i.e. 

This statement holds true for spin coupling to any fluctuations (not only to 
phonons). 
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V. Golovach, A. Khaetskii, D. Loss, cond-mat/0310655.



The full dynamics of the electron spin is governed by the Bloch equation:
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For arbitrary fluctuation field h(t) the tensor )0()( dr Γ+Γ=Γ ω

where the relaxation and decoherence
function of the fluctuations: 

parts are expressed through the spectral
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The tensor )(ωrΓ is due to processes of energy relaxation.

The dephasing part                     (which enters at zero frequency) can be non-zero
only due to elastic scattering of spin. This term contributes to the decoherence time     

In the bulk, at  

)0(dΓ
2T

ω cτ 1>> )0(dΓ )(ωrΓ>>
due to elastic scattering by impurities. That is why in the bulk usually 12 TT <<



In our case )0(dΓ is identically zero for admixture mechanism due to 
the transverse nature of the fluctuating field. 

For the other mechanisms, like direct spin-phonon coupling, is it zero 
because the density of acoustic phonons is zero at zero frequency. 
Thus, there are no intrinsic dephasing mechanisms related to S-O interaction in our 
system at T <<            and, as a result, 

12 2TT = --- S-O interaction in GaAs quantum dots causes
a spin decay with the largest possible decoherence time.
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The X,Y plane is perpendicular to the direction Z of the external magnetic field B
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Spectral function:

quantum well piezo deformation
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The Bloch Equations (Born approx. in δB):
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inhomogeneous part:
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In secular approximation (Γij<<ω=gµBB):

In absence of dephasing (Γd
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The universal angular dependence of the relaxation rate:
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depends on the angles of  the external magnetic field with respect to the
crystallographic axes.  Sic! For special orientations of the field within the 
2D plane and for                             we obtain βα ±= ∞=1T
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The solution of the Bloch equation reads:

is the thermodynamic value of spin.



α=0
B=(Bx,By,0)

Result:

plateau

(LA)



Other mechanisms based on spin-orbit interaction:

• k3-terms of Dresselhaus spin-orbit coupling
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• direct spin-phonon interaction due to strain field:
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• direct spin-phonon interaction via g-factor modulation:
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Spin relaxation at the singlet-triplet transition in a quantum dot.

We consider the phonon-assisted transition between singlet and triplet states of 
two electrons.     Experiment by  T. Fujisawa et al., Nature 419, 278 (2002); 



The same conclusion  holds  for an interacting problem, 

i.e. the effect of the spin-orbit interaction cancels in the lowest order in S-O 
coupling  constant β

Two particle spin-orbit related problem reduces to a one-particle problem in 
relative spatial coordinates and relative spin space 21 σσ −

The singlet and triplet states correspond to spin-up and spin-down 
states in this  new space     

one to one correspondence with the single-particle problem!    
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Here                                        is the energy distance between singlet and triplet 
states.
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As a result, the energy gap      which determines the anticrossing of singlet and 
some triplet states is very small, 

very strong suppression of the spin-flip rate in the neighbourhood of the 
anticrossing point. 

Away from the anticrossing point the wave vectors of the 
phonons involved are large compared to the dot lateral size and the rate 
decreases again.  

The corresponding curve has a nonmonotonic form 
with two maxima at the gap values  
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Electron spin decoherence in 
quantum dots due to  hyperfine 
interaction with  nuclei

A. Khaetskii,  D. Loss,  L. Glazman*, 
and J.  Schliemann,

University of Basel, Switzerland

* Theoretical Physics Institute, University of Minnesota, 
Minneapolis,  USA



System:



2|)(| ii AA rΨ⋅∝
(hyperfine interaction, A is the 
hyperfine constant, Ψ(r) the electron 
envelope wave function)

Usual formulas for T1,  T2 are not applicable here

The typical fluctuating nuclear magnetic field is    H N~ A/ (     g µ B), where N ~105,  H N ~ 100 Gauss 
in a GaAs quantum dot.  The  correlation time  is  T n2  ~10 - 4 s.

N

-the electron spin precession frequency in the field of the nuclei.ω N ~A/ N

,ˆˆˆˆˆ
ddNB HgH −+⋅+⋅= hSBSµ

- dipole-dipole interaction between nuclei

NBi
i

iN gA HIh ˆˆˆ µ== ∑
ddH −

ˆ

If   ωN τc  << 1 perturbative regime, dynamical narrowing.  In our case τc = Tn2 ,

opposite limit ω N T n2 >> 1 no usual treatment, no Markovian approximation, etc.!



Total angular momentum S + Σ i I i =const . 

Each flip-flop process (due to hyperfine interaction) creates a different nuclear configuration .
This leads to variation in time of the nuclear field H N = Σ i A i I i seen by the electron spin, i.e. 
to spin decay.  The decay is not exponential  -- time (A/ N) -1 ( microseconds). 
Since T n2 >> (A/N) -1 -- no averaging over the nuclear configurations !

perturbation ( eigenenergy  εn).

In the leading order: 

I=1/2.   We consider only a particular ( and unpolarized) nuclear configuration  | {I iz}>, 
with I iz =     1/2.  

±

We evaluate the correlator:

Method and Equations:



Initial state , intermediate state

For a typical nuclear configuration,  at  τ >> 1, τ = At/2πN,

N= a z a2 / v0 >> 1:
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For a weak Zeeman field εz = g µB B <ωN we have α ~β ~ ½ . 

If  g µB B  >> ωN, then α ~β ~ (ωN /  g µB B)2 << 1.

Power law decay for times  t >> (A/N)-1.  This law 1/τ3/2 is the universal one. 
The amplitude of precession , reached as a result of the decay, is finite. 

Τhe energy difference ω nk = ε n- ε k =  ε z + (h z ) n  + Ak/2,  nhnh Nznz
ˆ)( =



Polarized nuclei. Exactly solvable case.

With the initial wave function Ψ0 we construct 
the exact wave function of the system for t >0: 

Normalization condition: , 



A=Σk A k.

(1)

The correlation function: 2/))(1(ˆ)(ˆ)( 2
000 tStStC zz αψδψ −=−=

Laplace transform of (1) gives:



Thus, the decay of | α(t)|  starts at t >A-1 N, as in the unpolarized case. 
The decaying part of the initial state ~1/N.

1) εz = 0. The asymptotics  (τ >> 1) is  determined by the weakest – coupled nuclear spins (far from the           
dot).  Diffusion of nuclear spins in the external region induced by the hyperfine interaction!

For                                                     we find It is not a universal behavior.   )exp()0(/)( 22
0

2
0 zz −=χχ .ln/1~ 2/3 τα ∝

Some limit cases



We average this correlator over a Gaussian distribution for h N , i.e. over 

With the definition 

Rapid decay of the correlator for t >>ωN
-1 , the dephasing time T2

*~ ωN 
-1 =       /A.N

here                                             is the nuclear field , 

Averaging over nuclear configurations (an ensemble of the dots)
Since ωN

-1 << N/A,  many precessions in a given nuclear field configuration 
before decoherence sets in due to the non-uniform hyperfine couplings A k .  

This behavior changes dramatically when we average over nuclear configurations.
If the nuclear field is treated classically, then  the exact calculation of the correlator gives:



Here the initial state of the 
nuclear spins is given by 
individual tensor product states. 
Different initial tensor product 
states clearly lead to a 
significantly different time 
evolution of the electron spin. 
This is strikingly different from 
randomly correlated initial 
conditions.

Electron spin dynamics for an initially 
randomly correlated nuclear spin 
system. The electron spin dynamics is
practically independent of the 
realization of the random initial nuclear 
state.



Conclusions

•We have studied spin relaxation and decoherence in GaAs quantum dots due to 
S-O interaction. 

•The T   relaxation time is very large for both single-electron and two-electron 
(interacting) problems. This is due to the localized character of the electron 
wave functions which kills the effect of S-O interaction in the leading order.

•The decoherence time T   is as large as the relaxation time T   for the spin decay 
based on the spin-orbit mechanisms.

•We have studied the spin decoherence of an electron confined to a single quantum dot 
in the presence of  hyperfine interaction with nuclear spins. 

•The decoherence time is given by  N/A (several µs.)

•The decay of the electron spin correlator does not have an exponential character, it is 
either  a power or inverse  logarithm law.
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