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Electronic structure of graphene sheets
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Low energy theory

Expand around the Fermi point — k = αK0 + q, α = ±,

γk =
3∑

j=1

eik·dj =
3∑

j=1

ei(αK0+q)·dj ≈ −3a0

2
(αqx − iqy)

The Hamiltonian becomes

H0 = vψ†αk (αqxσx + qyσy)ψαk

with

v = 3t0a0/2, ψ†αk = (c†Ak, c†Bk), qy = µG1

σx, σy Pauli Matrices
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Structure of nanotubes (n,m) I

h = na1 + ma2 Chiral (wrapping) vector for a tube (n,m)
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Structure of nanotubes (n,m) II

• Unit lattice vectors (a0 = 1.42 Å)

a1 =
√

3a0(1/2,
√

3/2), a2 =
√

3a0(−1/2,
√

3/2)

• Chiral (wrapping) vector

h = na1 + ma2, |h| =
√

3a0L, L =
√

n2 + m2 + nm

• The unit vector T along the tube axis

T =
(
(2n + m)a1 − (2m + n)a2

)
/dR, T = 3a0L/dR

dR is the greatest common divisor of (2n + m) and (2m + n).

T =
√

3a0, armchair (m,n), T = 3a0 zigzag (0,m)
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Structure of nanotubes (n,m) III

• Number of hexagons in the nanotube unit cell

N =
2(n2 + m2 + nm)

dR
=

2L2

dR

N = 2m armchair (m,m), N = 2m zigzag (0,m)

• Discrete unit wave vector along h:

G1 =
(2n + m)b1 + (2m + n)b2

NdR
, |G1| = 2π

h

• Unit reciprocal lattice vector along T

G2 =
(mb1 − nb2)

N
, |G2| = 2π

T
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Structure of double wall nanotubes (DWNT)

(9, 0)@(18, 0) (up) and (9, 0)@(10, 10) (down)

∗S. Roche et al., Phys. Lett. A 285, 94 (2001)
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Electronic structure of single wall nanotube I

Eµ(k) = E2D(k)

k = kG2/G2 + µG1

{
−π/T < k < π/T,

µ = 1, 2, . . . , N

N Number of subbands
(5, 5) nanotube
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Electronic structure of single wall nanotube II

Condition for metallic tubes

G1 ·K0/G1 = Integer

G1 ·K0

G1
=

n−m

3
,

G1 ·K1

G1
=

2m + n

3
,

G1 ·K−1

G1
= −2n + m

3

Armchair nanotubes (m,m) are always
metallic!

Coulomb interaction, electronic structure?

19 Mai 2004 9



Why is 1D system special

• Fermi liquid

? Quasi particles
? Fermi surface

• Luttinger liquid

? No quasi particles
? No Fermi surface
? Tomonaga-Luttinger model
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Tomonaga-Luttinger(TL) model

• It only describes low energy excitation near the Fermi energy EF ,

E(k) ≈ EF +
~2kF

m
(k − kF ).

• The dispersion relation becomes linearized

E(k) = ~vF (k − kF ), vF = ~
kF

m

• Right- and left-movers

ck = c+,kΘ(k) + c−,kΘ(−k)

• It is exactly solvable by bosonization technique!
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Single wall nanotubes as Luttinger liquids I

The basis (α = ±)

φpα(x, y) =
1√
2πR

e−iαK·r

φpα(x, y)φ−pα′(x, y) = 0

E

k

p = ±p = ±

K−K

r = −r = + r = − r = +

EF

The Fermi field operator

Ψσ(x, y) =
∑
pα

φpα(x, y)ψpασ(x),

ψrασ =
1√
2

(
1 −i
1 i

)
ψpασ ⇔ ψpασ =

1√
2

(
1 1
i −i

)
ψrασ.

H = −~v
∑
pασ

p

∫
dxψ†pασ∂xψ−pασ ⇒ H = −i~v

∑
rασ

r

∫
dxψ†rασ∂xψrασ
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Single wall nanotubes as Luttinger liquids II

The Coulomb interaction

HI =
1
2

∑

σσ′

∫
drdr′Ψ†σ(r)Ψ†σ′(r

′)U(r− r′)Ψσ′(r′)Ψσ(r).

pασ pασ

p′α′σ′ p′α′σ′

αFS

pασ p(−α)σ

p′(−α)σ′ p′ασ′

αBS

H
(0)
αFS =

1
2

∫
dxdx′ ρ(x)V0(x− x′)ρ(x′) Forward scattering

∗R. Egger and A. O. Gogolin, Eur. Phys. J. B 3, 281 (1998)
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Single wall nanotubes as Luttinger liquids III

The density operators

ρ(x) =
∑
rασ

ψ†rασ(x)ψrασ(x) =
∑
rασ

ρrασ(x)

The Fermi field operator

ψrασ(x) =
ηrασ√
2πa

exp(iαkFx + irqFx + iϕrασ(x))

with ηrασ — Klein factor, a — cutoff, and

ϕrασ =
√

π

2
(rφc+ + rαφc− + rσφs+ + rασφs− + Θc+ + αΘc− + σΘs+ + ασΘs−)

Hamiltonian with interactions can be easily diagonalized by these Bosonic
operators!
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Single wall nanotubes as Luttinger liquids IV

New boson operators

φc+ =
1

4
√

π

∑
rασ

rϕrασ, Θc+ =
1

4
√

π

∑
rασ

ϕrασ, total charge

φc− =
1

4
√

π

∑
rασ

rαϕrασ, Θc− =
1

4
√

π

∑
rασ

αϕrασ, relative charge

φs+ =
1

4
√

π

∑
rασ

rσϕrασ, Θs+ =
1

4
√

π

∑
rασ

σϕrασ, total spin

φs− =
1

4
√

π

∑
rασ

rασϕrασ, Θs− =
1

4
√

π

∑
rασ

ασϕrασ, relative spin

The commutators of them are

[φjδ(x), Θj′δ′(x′)] = i
π

2
δ(x− x′)sgn(x− x′)δjδ,j′δ′.
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Single wall nanotubes as Luttinger liquids V

Kinetic Hamiltonian

H0 =
∑

jδ

~v0
jδ

2

∫
dx

(
K0

jδ

(
∂xΘjδ(x)

)2 +
1

K0
jδ

(
∂xφjδ(x)

)2
)

,

with j = c, s, δ = ±, v0
jδ = v = vF and K0

jδ = 1.

Interaction Hamiltonian (only affect c+ mode)

H
(0)
αFS =

2
π

∫
dxdx′ ρ(x)V (x− x′)ρ(x′)

=
∫

dk

2π

2k2V (k)
π

e−ikxφc+(k)φc+(−k).

with ρ(x) = 2√
π
∂xφc+.

Forward scattering
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Single wall nanotubes as Luttinger liquid VI

The total Hamiltonian

H0 + H
(0)
αFS =

∑

jδ

∫
dk

2π

~vjδ

2

(
KjδΠjδ(k)Πjδ(−k) +

k2

Kjδ
φjδ(k)φjδ(−k)

)
,

with

vc+(k) = v

√
1 +

4V (k)
πv

, Kc+ =

√
1

1 + 4V (k)/πv
,

vjδ = v, Kjδ = 1 others

The Hamiltonian can be diagonalized by Bogliugov transformation. The energy
spectrum of each mode is

Ejδ(k) = ~vjδk
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Interlayer coupling in DWNTs I

Tunneling Hamiltonian

Ht =
1√

NaNb

∑

ab

∑

kakb

tai,bje
i(kb·rb−ka·ra)c†iηaka

cjηbkb
+ H.c.,

a1 a2

a0

o x

y

u

v

θ

d1

d2
d3

ρ
τ

a, b — indices for atoms, i, j — indices for two walls, Na, Nb — numbers of unit
cell.

The position of a lattice site ri = R + ρ + ητ , where R — lattice vector.

1
Acell

∑

G

e−iG·R = δ(R) ⇒
∑

R

=
∫

drδ(R) =
1

Acell

∑

G

∫
dre−iG·R

G — reciprocal lattice vector, Acell — area of an unit cell
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Interlayer coupling in DWNTs II

Expand around Fermi points k = αK0 + q, the Hamiltonian becomes

Ht =
∑
αaαb

∑
ηaηb

∑
qa

ψ†αaqa
qbT (αaηaqa, αbηbqb)ψαbqb

,

with ψ†iαq = (c†iAk, c†iBk), η = ± — indices for sublattices.

T (αaηaqa, αbηbqb) =
∑

KaKb

eiKa·(ρa+ηaτa)−iKb·(ρb+ηbτ b)tqa+Ka,qb+Kb

and

tka,kb
=

1
A2

cell

√
NaNb

∫
dradrbe

i(kb·rb−ka·ra)tai,bj

∗A. A. Maarouf et al., PRB 61, 11156 (2000)
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Interlayer coupling in DWNTs III

The tunneling matrix elements

tij = t0e
−dij/at,

A = (Ra cos va/Ra, Ra sin va/Ra, ua),

B = (Rb cos vb/Rb, Rb sin vb/Rb, ub)

with at ∼ 0.5 Å (a0 = 1.421 Å)

Ra Rb

A

B

va

vb

dij =

√
(Ra −Rb)2 + 4RaRb sin2

(
va

2Ra
− vb

2Rb

)
+ (ua − ub)2

≈ ∆ +
RaRb

2∆

(
va

Ra
− vb

Rb

)2

+
(ua − ub)2

2∆
,

with ∆ = |Ra −Rb| ∼ 3.4 Å
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Interlayer coupling in DWNTs IV

Then the tunneling matrix element

tai,bj = t0 exp

(
−∆

at
+

RaRb

2∆at

(
va

Ra
− vb

Rb

)2

+
(ua − ub)2

2∆at

)
.

In k-space

tkx,ky = tG exp
( −∆at

8RaRb
(kvaRa + kvbRb)

2

)
exp

(
+

dat

2
|K0|2

)

· exp
(−∆at(kua + kub)2

8

)
δ(kvaRa − kvbRb)δ(kua − kub)

with

tG = C exp
(
− d

at

)
exp

(
−dat

2
|K0|2

)
∼ 0.1 eV d = 3.4 Å
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Electronic structure of DWNTs

Two δ functions

δ(kvaRa − kvbRb)δ(kua − kub) ⇒ kvaRa − kvbRb = 0, kua − kub = 0

and

kvaRa = `a, kvbRb = `b, `a, `b = Integer ⇒ `a = `b

DWNTs with two armchair walls

`a = `b = 0 ⇒ tki,kj
6= 0

Other DWNTs
`a 6= `b ⇒ tki,kj

= 0
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Electronic structure of DWNTs with two armchair walls
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DWNTs as Luttinger liquid I
16 new Bosonic operators (i index for two walls )

φc+i =
1

4
√

π

∑
rασ

rϕrασi, Θc+i =
1

4
√

π

∑
rασ

ϕrασi,

φc−i =
1

4
√

π

∑
rασ

rαϕrασi, Θc−i =
1

4
√

π

∑
rασ

αϕrασi,

φs+i =
1

4
√

π

∑
rασ

rσϕrασi, Θs+i =
1

4
√

π

∑
rασ

σϕrασi,

φs−i =
1

4
√

π

∑
rασ

rασϕrασi, Θs−i =
1

4
√

π

∑
rασ

ασϕrασi

The field operator

ϕrασi =
√

π

2
(rφc+i+rαφc−i+rσφs+i+rασφs−i+Θc+i+αΘc−i+σΘs+i+ασΘs−i)
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DWNTs as Luttinger liquids II

Coulomb interaction is

HI =
1
2

∑

σσ′

∫
drdr′Ψ†σ(r)Ψ†σ′(r

′)U(r− r′)Ψσ′(r′)Ψσ(r).

Forward scattering in a wall

H
(0)
αFS =

∑

i

1
2

∫
dxdx′ ρi(x)Vi(x− x′)ρi(x′),

Forward scattering between walls

H
′(0)
αFS =

1
2

∫
dxdx′ ρ1(x)V12(x− x′)ρ2(x′),
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DWNTs as Luttinger liquids III

The Hamiltonian is

H0 + H
(0)
αFS + H

′(0)
αFS =

∑

jδi

∫
dk

2π

~vjδi

2

(
Πjδi(k)Πjδi(−k) + k2φjδi(k)φjδi(−k)

)

+
∑

il

∫
dk

2π

4k2Vil(k)
π

φc+i(k)φc+l(−k)

Coulomb interaction only affect (c +±) modes.

~v′c+±K ′
c+±

2
=
~v
2

,
~v′c+±
2K ′

c+±
=
~v
2

(
1 +

2(V1 + V2)
~πv

±
√(

2(V1 − V2)
~πv

)2

+
(

4V 2
12

~πv

)2
)

vjδi = v, Kjδi = 1, Other modes

Double wall nanotubes are Luttinger liquids!
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Tunneling density of states

Tunneling density of states (TDOS) is

ρ(ε, x) =
1

2π~
dt e−iεt/~〈ψ†(x, t)ψ(x, 0)〉

ρ(ε) ∼ (kT )α cosh
( ε

2kT

) ∣∣∣∣Γ
(

1
2
(1 + α) + i

ε

2πkT

)∣∣∣∣
2

ρend(ε) ∼ εαend, ρbulk(ε) ∼ εαbulk T → 0

The current is given as

I ∝
∫ V

0

dε ρ1(ε)ρ2(ε) ⇒ dI

dV
∝ ρ1(ε)ρ2(ε)
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Tunneling density of state of DWNT

The exponents of a DWNT — only out wall is connected to leads

αend,out =
1
4

sin2 ξ

(
1

K ′
c++

− 1
)

+
1
4

cos2 ξ

(
1

K ′
c+−

− 1
)

,

αbulk,out =
1
8

sin2 ξ

(
K ′

c++ +
1

K ′
c++

− 2
)

+
1
8

cos2 ξ

(
K ′

c+− +
1

K ′
c+−

− 2
)

,

For examples

αend,out = 1.033, αbulk,out = 0.429 (5, 5)@(10, 10)

αend,out = 1.254, αbulk,out = 0.523 (10, 10)
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Summary and outlook

• No interlayer coupling in DWNTs except those with two armchair walls

• Most DWNTs can be described as two Luttinger liquids coupled by Coulomb
interaction

• The conductance has power law dependence on applied voltage. Exponents
decrease in DWNTs.

To be continued

• DWNTs with interlayer tunneling, disorder, . . .
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